THE WEAK THEORY OF MONADS 



GABRIELLA BOHM 

Abstract. Wc construct a 'weak' version EM'"(/C) of Lack & Street's 2-category of 
monads in a 2-category /C, by replacing their compatibility constraint of 1-cells with 
the units of monads by an additional condition on the 2-cells. A relation between 
monads in EM™(/C) and composite pre- monads in /C is discussed. If /C admits 
Eilenberg-Moore constructions for monads, we define two symmetrical notions of 
'weak liftings' for monads in K,. If moreover idempotent 2-cells in K. split, we describe 
both kinds of weak lifting via an appropriate pseudo- functor EM'"(A^) — > K.. Weak 
entwining structures and partial entwining structures are shown to realize weak 
liftings of a comonad for a monad in these respective senses. Weak bialgebras 
are characterized as algebras and coalgebras, such that the corresponding monads 
weakly lift for the corresponding comonads and also the comonads weakly lift for 
the monads. 



Introduction 

Many constructions, developed independently in Hopf algebra theory, turn out to 
fit more general situations studied in category theory. For example, crossed products 
with a Hopf algebra in [21], [2], [12] are examples of a wreath product in [16]. As 
another example, the comonad induced by the underlying coalgebra in a Hopf algebra 
if, has a lifting to the category of modules over any ii-comodule algebra. So-called 
Hopf modules are comodules (also called coalgebras) for the lifted comonad. Ga- 
lois property of an algebra extension by a Hopf algebra turns out to correspond to 
comonadicity of an appropriate functor [H] . 

Motivated by noncommutative differential geometry, these constructions were ex- 
tended from Hopf algebras to coalgebras (over a commutative base ring) and to corings 
(over an arbitrary base ring), see e.g. the pioneering paper [S]. The resulting theory 
turns out to fit the same categorical framework, only the occurring (co)monads have 
slightly more complicated forms [H] . 

For a study of non-Tannakian monoidal categories (i.e. those that admit no strict 
monoidal fiber functor to the module category of some commutative ring), another 
direction of generalization was proposed in [6]. The essence of this approach is a 
weakening of the unitality of some maps and it leads to the replacing of a Hopf algebra 
by a 'weak' Hopf algebra. In the last decade many Hopf algebraic constructions were 
extended to the weak setting. Weak crossed products were studied e.g. in [9] [13] and 
[IS] . Weak Galois theory was developed, among other papers, in [5], [Sj- However, 
just because in these generalizations one deals with non-unital maps, they do not fit 
the categorical framework of (co)monads, their wreath products and liftings. 

The aim of the current paper is to provide a categorical framework for 'weak' 
constructions. For this purpose, in Section [T] we construct, for any 2-category /C, a 
2-category EM'"(/C) which contains the 2-category EM(/C) in [TB] as a vertically full 
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2-subcategory. In EM'"(/C) 0-cells are the same as in EM(A^), i.e. monads in K,. Since 
we aim to describe constructions in terms of non-unital maps, in the definition of a 
1-cell in EM"'(/C) we impose the same compatibihty condition with the multiphcations 
of monads which is required in EM(/C), but we relax the compatibihty condition in 
EM(/C) with the units. Certainly, without compensating it with some other require- 
ments, we would not obtain a 2-category. We show that imposing one further axiom 
on the 2-cells in addition to the axiom in EM(/C), EM"'(/C) becomes a 2-category, with 
the same horizontal and vertical composition laws used in EM(/C). 

It was observed in [H] that smash products (and more generally crossed products 
[IB]) by weak bialgebras are not unital algebras. Motivated by the definition of a 
pre- unit in [5], we study pre-monads (defined in Section [2]) in any 2-category /C. In 
Section [2] we interpret 'weak crossed products' in [13] as monads in EM"'(/C). This 
leads to a bijection between monads t A t in EM'"(/C) and pre-monad structures (in 
/C) on the composite 1-cell st with a 't- linear' multiplication. 

Starting from Section [3l we restrict our studies to 2-categories /C which admit 
Eilenberg- Moore constructions for monads (in the sense of [19]) and in which idem- 
potent 2-cells split. These assumptions are motivated by applications to bimod- 
ules. The bicategory BIM of [Algebras ; Bimodules ; Bimodule maps] , over a com- 
mutative, associative and unital ring k, satisfies both assumptions. However, in 
order to avoid technical complications caused by non-strictness of the horizontal 
composition in a bicategory, we prefer to restrict to 2-categories. In the exam- 
ples, instead of the bicategory BIM, we can work with its image in the 2-category 
CAT = [Categories ; Functors; Natural transformations], under the hom 2- 
functor BIM(A;, — ) : BIM — )■ CAT, which image is a 2-category with the desired 
properties. 

For a 2-category /C which admits Eilenberg-Moore constructions for monads, the 
inclusion 2-functor / : /C — )■ EM(/C) possesses a right 2-adjoint J, cf. [TB]. In Section 
Owe use the splitting property of idempotent 2-cells in /C to construct a factorization 
of J through the inclusion 2-functor EM(/C) M- EM'"(/C) and an appropriate pseudo- 
functor J"" : EM'"(/C) ^ /C. For a monad t 4 t in EM'"(/C) and any 0-ceU k in 
/C, we prove that both monads IC{k, J'^{s)) and /C(/c, st) in CAT possess isomorphic 
Eilenberg-Moore categories, where si is a canonical retract monad of the pre-monad 

St. 

In a 2-category /C which admits Eilenberg-Moore constructions for monads, any 
monad k k determines an adjunction (k J(t),J{t) A k) in /C, cf. [19]. A 
lifting of a 1-cell k k' m. K, for monads k k and k' 4 k' is, by definition, a 

1-cell J{t) ^ J{t'), such that v'V = Vv, cf. [IT]. In Section H we define a 'weak' 
lifting by replacing this equality with the existence of a 2-cell v'V =^ Vv, possessing 
a retraction Vv ^ v'V. This leads to two symmetrical notions of a weak lifting of 

a 2-cell V ^ W for the monads t and t'. A weak i-lifting V W is defined by the 

condition l * at = ojv* t and a weak vr-lifting V ^ W is defined by v'tj * tt = tt * uv. 
We show that any weak t- lifting and any weak 7r-lifting of a 2-cell in /C, if it exists, is 
isomorphic to the image of an appropriate 2-cell in EM"'(/C) under the pseudo- functor 
J^. Both a weak i-lifting and a weak 7r-lifting is proven to strictly preserve vertical 
composition and to preserve horizontal composition up to a coherent isomorphism. 
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We also give sufficient and necessary conditions for the existence of weak 6-, and 
TT-liftings of a 2-cell in /C. 

A powerful tool to treat algebra extensions by weak bialgebras is provided by 'weak 
entwining structures' in [9] . A weak entwining structure in a 2-category /C consists of 
a monad t and a comonad c, together with a 2-cell tc =^ ct relating both structures 
in a way which generalizes a mixed distributive law in [1] . It was observed in [8] that 
any weak entwining structure (in BIM) induces a comonad (called a 'coring' in the 
particular case of the bicategory BIM). In Section [S] we show that - in the same way 
as mixed distributive laws in a 2-category /C provide examples of comonads in EM (AT) 
- weak entwining structures provide examples of comonads in EM"'(/C). Moreover, 
if the 2-category JC satisfies the assumptions in Section |3l then the comonad in JC, 
induced by a weak entwining structure, is an example of a weak t- lifting of a comonad 
for a monad. 

Studying partial coactions of Hopf algebras, in [10] another generalization of a mixed 
distributive law, a so called 'partial entwining structure' was introduced. Partial 
entwining structures (in BIM) were proven to induce comonads as well. We show that 
also partial entwining structures in a 2-category /C provide examples of a comonad in 
EM"'(/C). Moreover, if the 2-category /C satisfies the assumptions in Section 121 then 
the comonad in JC, induced by a partial entwining structure, is an example of a weak 
TT-lifting of a comonad for a monad. 

As a final application, weak bialgebras are characterized via weak liftings. If a 
module if, over a commutative, associative and unital ring k, possesses both an 
algebra and a coalgebra structure, then it induces two monads tn = {—) <^k H and 
ti = H ®k (— ), and two comonads cr = (— ) ®fc H and = H ®k {—) on the category 
of /c-modules. We relate weak bialgebra structures of H to weak /,-liftings of cr and cl 
for tR and t^, respectively, and weak 7r-liftings t/j and ti for cr and c/,, respectively. 

Notations. We assume that the reader is familiar with the theory of 2-categories. 
For a review of the occurring notions (such as a 2-category, a 2-functor and a 2- 
adjunction, monads, adjunctions and Eilenberg-Moore construction in a 2-category) 
we refer to the article [T5] . 

In a 2-category /C, horizontal composition is denoted by juxtaposition and vertical 
composition is denoted by *, 1-cells are represented by an arrow — and 2-cells are 
represented by 

For any 2-category /C, Mnd(/C) denotes the 2-category of monads in K, as in [12] and 
Cmd(/C) := Mnd(/C*)* denotes the 2-category of comonads in /C, where refers to 
the vertical opposite of a 2-category. We denote by EM(/C) the extended 2-category 
of monads in [16]. We use the reduced form of 2-cells in EM(/C), see [16] . 

1. The 2-CATEGORY EM"'(/C) 

For any 2-category /C, the 2-category EM"'(/C) introduced in this section extends 
the 2-category EM(/C) in [T6] . 

Theorem 1.1. For any 2-category JC, the following data constitute a 2-category, to 
be denoted by EM"'(/C). 

0-cells are monads {k A A;, tt =^ t, k ^ t) in JC. 
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1- cells (t,fi,ri) — (t',fi',ri') are pairs {V,iIj), consisting of a 1-cell k k' and 
a 2-cell t'V ^ Vt in IC, such that 

(1.1) Vti*ijjt*t''tp = ij* fi'V. 
The identity 1-cell is t -^-^ t. 

2- cells {V, =^ {W, (p) are 2-cells V AWt in JC, such that 

(1.2) Wfi*gt*'tp = Wfi*(j)t*t'g 

(1.3) g = Wn*(l)t*r]'Wt*g. 

The identity 2-cell is {W, 0) {W, 0). 

Horizontal composition of 2-cells {V,ip) ^ (VF, 0), (V,!/)') =S> {W',(f)') (for 
1-cells (y,V),(W,</') : t t' and {V, ip'), {W, f ) : t' t" ) is given by 

(1.4) g' og:= W'Wfi * W'gt * W'i/j * g'V. 

Vertical composition of 2-cells (V, tp) 4> {W, (p) ^ ([/, 6) (for 1-cells (V, ip), {W, (p) 
and {U, 6) : t — t') is given by 

(1.5) T • g := Ufj, * rt * g. 

Proof. We verify only those axioms whose proof is different from the proof of the 
respective axiom for EM(A^). 

The vertical composite of 2-cells {V,ip) A {W,(p) ^ {U,e) in EM"'(/C) is checked 
to satisfy (11. 2p by the same computation used to verify that the vertical composite of 
2-cells in EM(/C) is a 2-cell in EM(/C). In order to see that t • g satisfies (11. 3p . use 
the interchange law in /C, associativity of the multiplication of the monad t and the 
fact that r satisfies (11.31) : 

U jji* Qt* rj'Ut * (t • g) = Ufx * Qt * rj'Ut * f//i * rt * g 

= Ufx* Ufit * Qtt * rj'U tt*Tt*g=Ufi*Tt*g = T»g. 

Associativity of the vertical composition follows by the same reasoning as in the case 

of EM(/C). Using the constraint ([EI]), it follows for any 1-cell t t' in EM"'(/C) 
that 

Wfi *(pt* t'(p * t'r]'W = (p* n'W * t'rj'W = (p and 

Wii *(pt* Tj'Wt *(p = Wfi *(pt* t'(p * rj't'W = (p* n'W * rj't'W = (p. 

Thus the 2-cell {W, (p) {W, (p) in IC satisfies 1^ and ([LS]), proving that it is a 2- 

cell in EM"'(/C). It is immediate by condition that for any 2-cell {V, ^) A {W, (p) 
in EM"'(/C), 

(0 * 7]'W) • g = Wfj, * (pt* rj'Wt * g = g. 
Using (II. 2p . the interchange law in /C and then (II. 3p . one checks that also 

g • (tp * ri'V) = W jji * gt * ip * rj'V = Wfi * (pt* t'g * rj'V = Wn * (pt * rj'Wt * g = g. 
Hence there are identity 2-cells of the stated form. 
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On identity 2-cells (F, ^/;) "^U-^ (F, V) and {¥',1^') {V',iIj'), the horizontal 

composite comes out as 

{ij' * ri"V') o{^p* r]'V) = V'tp * ip'V * r]"V'V, 

where we apphed fll.ip for -0 and unitahty of the monad t'. That is to say, the 

horizontal composite of the 1-cells t ^—i t' ^"^^^^ t" is the 1-cell {V'V^ V'lp * ip'V). By 
the same computations used in the case of EM(/C), the horizontal composite of 2-cells 

(V^i/j) A {W,(p), {¥',11:') 4>' {W',(j)') is checked to satisfy condition (O]). It satisfies 
also (11 -Sp . as 

W'Wfi * W'(j)t * (t)'Wt * r]"W'Wt * {g' o g) 

= WW 12 * W'(t)t * (j)'Wt * ri"W'Wt * W'Wfi * W'gt * Wip * g'V 

= W'Wfi * WW fit * W'(j)tt * W't'gt * (jy'Vt * r]"W'Vt * Wip * g'V 

= WWfi * WW fit * Wgtt * Wipt * (p'Vt * rf"WVt * Wip * g'V 

= W'Wfi * Wgt * W'Vfi * W'lpt * W't'%1) * (jy't'V * fW't'V * g'V 

= W'Wfi * Wgt * W'ip * W'fi'V * (p't'V * ri"W't'V * g'V 

= W'Wfi * Wgt * W'ij * g'V = g' o g. 

The first and last equalities follow by (11. 4p . In the second and fourth equalities we 
used the interchange law in K, and associativity of the multiplication fi of the monad 
t. In the third equality we used that g satisfies (ll.2p . The fifth equality is derived by 
using that ip satisfies (II. ip . The penultimate equality follows by using that g' satisfies 
(II. 3p . This proves that the horizontal composite of 2-cells is a 2-cell. Associativity 
of the horizontal composition in EM"'(/C) is checked in the same way as it is done in 
EM(/C). Obviously, for any 2-cell {V, ip) X {W, cp) , g o rf = Wfi*Wrft*g = g. By f Ojl 
and (II. 3p . also rf' o g = Wfi * gt* if; * rf'V = g. Hence the identity 2-cell {k, t) ^ {k, t) 
is a unit for the horizontal composition, proving the stated form (A;, t) of the identity 
1-cell t t. 

The interchange law in EM"'(/C) is checked in the same way as it is done in EM(/C). 

□ 

Clearly, any 1-cell in EM(K:) is a 1-cell also in EM"'(/C). For a 1-cell t ^^^^ t' in 
EM(/C), any 2-cell gmK. of target Wt satisfies Hence 2-cells in EM"'(/C) between 

1-cells of EM(/C) are the same as the 2-cells in EM(/C). Comparing the formulae of 
the horizontal and vertical compositions in EM(/C) and EM"'(A^), we conclude that 
EM(/C) is a vertically full 2-subcategory of EM"'(/C). 

One may ask what 2-subcategory of EM"'(/C) plays the role of the 2-subcategory, 
obtained as an image of Mnd(/C) in EM(/C). As the lemmata below show, there seems 

to be no unique answer to this question. This is because, for some 1-cells t t' and 

t t' in EM"'(/C) and a 2-cell V ^W inlC, the 2-cells * ^ * rf'V and * rf'W * co 
in K, need not be equal. Still, there are two distinguished sets of 2-cells in EM"'(/C) on 
equal footing, both closed under the horizontal and vertical compositions and both 
containing the identity 2-cells. 
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Lemma 1.2. For any 2-category IC, let t t' and t ' ^' t' he 1-cells m EM"'(/C) 
and V ^ W be a 2-cell in /C. 

(1) The following assertions are equivalent. 

(i) iot*tP*r]'V : {V,i)) => {W, 0) is a 2-cell m YM"{K). 

(ii) ut*^p = Wfi * (pt* t'ut * t'lp * t'rj'V ; 

(iii) VF/i * 0t * rj'Wt * ut^ifj * rj'V = tot * ip * rj'V and 
Wfi * (j)t* rj'Wt *ut*tp = Wji * (f)t* t'ut * ftp * t'lq'V ; 

(2) The following assertions are equivalent. 

(i) (t)*iW*u: (y, V) ^ {W, (t>) IS a 2-cell m EM"'(/C). 

(ii) (f) * t'oj = Wjj, * (j)t* rj'Wt *u}t* ip; 

(iii) Wn * (pt* rj'Wt *ujt*tjj* rj'V = (p * rj'W * u and 
Wji * (j)t* rj'Wt *ujt*tlj = Wji * (f)t* t'ut * t'lf) * t'rj'V ; 

(3) The following assertions are equivalent. 

(i) (j) * t'oj = ut * ifj; 

(ii) (j)*rj'W*u and cut* ip* rj'V are (necessarily equal) 2-cells iV,tp) =^ (W,(j)) 
%n EM"'(/C). 

Proof. (1) (i)<^=^ (ii) Using that satisfies (11 .ip together with the unitahty of the 
monad t', condition (II ■2p for g := ut * ip * rj'V comes out as the equahty in part (ii). 
Hence in order to prove the equivalence of assertions (i) and (ii), we need to show 
that (ii) imphes that g satisfies (II. 3p . Indeed, applying the equality in part (ii) in the 
second step, we obtain 

(1.6) Wji * (pt* rj'Wt *ujt*ip* rj'V = Wji *(pt* t'ut * t'lp * t'rj'V * rj'V = ut*ip* rj'V. 

(ii)<(=^(iii) We have seen in the proof of equivalence (i)<^(ii) above, that assertion 
(ii) implies (II. 6p . i.e. the first condition in part (iii). The second condition is checked 
as follows. 

WjJ. * pt* rj'Wt * ut* tp = W ji * pt* rj'Wt * ut* Vji * tpt * t'tp * rj't'V 

= W jjL * W Jit * ptt * rj'Wtt * utt * ipt * rj'Vt * ip 
= W ji * utt * tpt * rj'Vt * Ip 

(1.7) = ut*ij = Wji* pt* t'ut* t'tp* t'rj'V. 

The first equality follows by (II. ip and unitality of the monad t'. In the second equality 
we used associativity of ji and the interchange law. The third equality is obtained by 
using (11. 6p . The penultimate equality follows by (11. ip and unitality of the monad t' 
again. The last equality follows by assertion (ii). 

Conversely, assume that the identities in part (iii) hold. Then 

ut*tp = ut * Vji * tpt* t'-p * rj't'V = Wji * W Jit * ptt * rj'Wtt * utt * tpt* rj'Vt * tp 
= Wji * pt* rj'Wt *ut*-pj = WjJL * pt* t'ut * t'tp * t'rj'V. 

The first equality follows by (II. ip and unitality of the monad t' . In the second equality 
we applied the first condition in part (iii). The third equality is obtained by using the 
associativity of ji, the interchange law and (11. ip again. The last equality follows by 
the second condition in part (iii). 
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(2) (i)<(=^(ii) Using that (j) satisfies f ll.ip together with the unitahty of the monad t', 
condition f ll.2p for q := (j)* r]'W * u comes out as the equahty in part (ii). Condition 
(11 .Sp holds for g automatically, i.e. it follows by applying fll.ip for 0. 

(ii)<S^(iii) If (iii) holds, then 

(j)*t'uj = Wn *(j)t* t'(f) * t'rj'W * t'u 

= Wn *(j)t* t'Wfi * t'(j)t * t'rj'Wt * t'ut * t'ip * t'rj'V 

= Wjj * (f)t* t'ut * t'lfj * t'ri'V = Wfi * (f>t* 7]'Wt * ujt^Tp. 

The first equality follows by applying f ll.ip for 0, together with the unitality of the 
monad t' . The second equality is obtained by the first identity in part (iii). In the 
penultimate equality we applied the interchange law, associativity of /i, fll.ip on 
and unitality of t' . The last equality follows by the second condition in part (iii). 

Conversely, if assertion (ii) holds, then the first condition in part (iii) is proven by 
composing both sides of the equality in part (ii) by rj'V on the right. The second 
condition, i.e. equality (11. 7p . is proven by the following computation. 

Wii *(f)t* t'iot * t'ljj * t'rj'V = Wfi * Wjit * (ptt * t'(j)t * t'rj'Wt * t'ujt * t'lp * t'rj'V 

= Wji *4>t* t'(p * t'rj'W * t'u 
= (p* t'u = W ji * (pt * rj'Wt * ut * ip. 

The first equality follows by applying (11.10 for (p, together with the unitality of the 
monad t'. The second equality is obtained by using the associativity of ji, the inter- 
change law and the first condition in part (iii). The third equality follows by applying 
fll.ip for 0, together with the unitality of the monad t' again. The last equality follows 
by part (ii). 

(3) Assume first that assertion (3)(ii) holds. Then by parts (1) and (2), also (l)(ii) 
and (2)(ii) hold, implying (11. 7p . Hence 

tut * -0 = Wji * (j)t* t'ut * t'lp * t'rj'V' = Wji * (j)t* rj'Wt * ut * if) = cp * t'u. 

Conversely, if assertion (3) (i) holds, then 

W jjL * (pt * t'ut * t'lp * t'rj'V = Wji * utt * tpt * t'lp * t'rj'V = ut* ip, and 
W ji * (pt * rj'Wt * ut^ip = Wji * (pt* rj'Wt * (p * t'u = (p * t'u, 

where in both computations the first equality follows by (3)(i) and the second equality 
follows by fll.ip and the unitality of the monad t'. We conclude by parts (1) and (2) 
that both ut*ijj* rj'V and (p * rj'W * u are 2-cells in EM"'(/C). It follows by comparing 
the first identities in (l)(iii) and (2) (iii) that (p*rj'W *u = ut*ipi*rj'V, as stated. □ 

Next we investigate the behaviour of the correspondences in Lemma fT^ with respect 
to the horizontal and vertical compositions in /C and EM"'(/C). 

Lemma 1.3. For any 2-category fC, let {V, tp), (W, (p) and {U, 6) he 1-cells t ^ t' and 
{y',tp') and iW', (p') he 1-cells t' t" m EM"'(/C). 

(1) // some 2-cells V ^ W and V => W' in K, satisfy the equivalent conditions 
in Lemma \LW 1 ), then {u't' * ip' * rj"V') o (ut * ip * rj'V) = u'ut * V'lp * ip'V * 
rj"V'V . Hence in particular also u'u satisfies the equivalent conditions in 
Lemma \T7^ 1). 
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(2) // some 2-cells V ^ W and V W in /C satisfy the equivalent conditions in 
LemmalLBfS), then (0' * r]"W' * u') o (0 * r]'W * u) = W'^ * ^'W * r]"W'W * 
u'uj. Hence in particular also u'u satisfies the equivalent conditions in Lemma 

(3) // some 2-cells V ^ W ^ U in K, satisfy the equivalent conditions in Lemma 

then {kI * cp* rj'W) • {ujt * tp * rj'V) = Kt * cot * tp * rj'V . Hence in 
particular also n*uj satisfies the equivalent conditions in Lemma \1.2\( 1). 

(4) // some 2-cells V ^ W =^ U in K, satisfy the equivalent conditions in Lemma 
\ 1.2^ 2). then {6 * r}'U r]'W * u) = 9 * rj'U * k*u. Hence in particular 
also K* bj satisfies the equivalent conditions in Lemma \1.2^ 2). 

Proof. (1) This compatibility with the horizontal composition follows by applying 
(II. ip for ip, and unitality of the monad t'. 

(2) This follows by using that u obeys Lemma [1.2( 2) (ii). 

(3) This compatibility with the vertical composition follows using that, by Lemma 
OfT). * V * V'V satisfies fOj) . 

(4) This assertion follows by using that k satisfies Lemma [L 2( 2) (ii). □ 

The message of Lemma 11.21 and Lemma 11.31 can be summarized as follows. 

Corollary 1.4. Consider an arbitrary 2-category K,. 

(1) There is a 2-category, to be denoted by Mnd''(/C), defined by the following data. 

0- cells are monads t in K,; 

1- cells t ''^^ f are the same as 1- cells in EM'"(/C), cf. (Il.ll) .- 

2- cells {V, Ip) ^ {W, <p) are 2-cells V ^ W in JC, satisfying the equivalent 
conditions in Lemma \ 1.2( 1 ); 

horizontal and vertical compositions are the same as in KL. 
Furthermore, there is a 2- functor G" : Mnd^(/C) — t- EM"'(/C), acting on the 
0-, and 1-cells as the identity map and taking a 2-cell {V,^p) =^ {W,(p) to 
ut*ip * r]'V . 

(2) There is a 2-category, to be denoted by Mnd^{IC), defined by the following data. 

0- cells are monads t in /C; 

1- cells t ''^^ t' are the same as 1-cells in EM'"(/C), cf ( 11. ip .- 

2- cells {V, Ip) ^ {W, <p) are 2-cells V ^ W in KL, satisfying the equivalent 
conditions in Lemma \1.2( 2): 

horizontal and vertical compositions are the same as in }C. 
Furthermore, there is a 2-functor : Mnd'^(/C) — )■ EM'"(/C) , acting on the 
0-, and 1-cells as the identity map and taking a 2-cell {V,^p) =^ {W,(p) to 
(p * rj'W * uj. 

Clearly, both Mnd^(/C) and Mnd''(/C) contain Mnd(/C) as a vertically full subcate- 
gory. 

2. Monads in EM"'(/C) and pre-monads in /C 

It was observed in [121 page 257] that monads in EM(/C) induce monads in /C. The 
aim of this section is to give a similar interpretation of monads in EM"'(/C). 
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A monad in EM'^(/C) is given by a triple ((s, i/j), consisting of a 1-cell (t, fi, ifj 
{t,^,ri) and 2-cells (Sjip) o ^ (s,-)/') and {k,t) 4» (5,-0) in EM"'(/C), such that 

z/ • (z/ o (s, -0)) = u • {{s , ip) o u) 
1/ • o (s, -0)) = (5,-0) = • ((s, -0) o ■!?). 

In light of Theorem ll.H this means a 1-cell k A- k, and 2-cells ts ^ st, ss ^ st and 
^ st in /C, subject to the following identities. 



(2.1) i/j * fis = sfj, * ijjt * tip, 

(2.2) s ^ * i/jt * tu = s^L * i/t * si/j * ips, 

(2.3) sfi* i/jt * T]st * u = u, 

(2.4) sfj. * ipt * = sfi * M, 

(2.5) sfi * ut * siy = sfi * lyt * si/j * us, 

(2.6) s^* vt * sip * ds = Tp * rjs, 

(2.7) s * lyt * si!} = ip * rjs. 



Condition (12. ip expresses the requirement that (s,^) is a 1-cell in EM'"(/C), (12. 2 p and 
(12. 3 p together mean that is a 2-cell in EM'"(/C), (12. 4p means that is a 2-cell in 
EM"'(/C) (condition (II. 3p on d follows by the interchange law in /C, (12. 4 p and unitality 
of the monad t). Conditions (12. 5p . (12. 6 p and (12. 7p express associativity and unitality 
of the monad ((s, 0), i^, ?9), after being simplified using (12. ip . (12. 2p . (12. 3 P and (12. 4p . 

Note that a monad [t —¥ t, ly, f?) in EM"'(/C), for a monad A; — >■ A; in /C, is identical 
to a 'crossed product system' (t,s,ip,'u) in the monoidal category ]C{k,k), in the 
sense of [131 Definition 3.5], subject to the 'twisted' and 'cocycle' conditions in [T^ 
Definition 3.3 and Definition 3.6], the normalization condition in [TB| Proposition 3.7] 
and identities (11), (12) and (13) in [131 Theorem 3.11], for i!). 

The following definition is inspired by [H Section 3.1] (see also [131 Definition 2.3]). 

Definition 2.1. A pre-monad in a 2-category /C is a triple {t,n,'r]), consisting of a 
1-cell k k and 2-cells tt ^ t and k ^ t, such that the following conditions hold. 

(2.8) fi * fit = fi * t/j. 

(2.9) fi * Tjt = fi * trj 

(2.10) fi* TfTf = rf 

(2.11) fi* fit * Tftt = fi. 

Note that if A; is a 1-cell in a 2-category /C and some 2-cells tt ^ t and k =^ t 
satisfy fi* fit = ft* tfi and fi*rft = fi*trf = fi*fit* rfrft as in [9l Section 3.1], then 
{t, fi' := fi * fit * rftt, rj' := fi* rfrf) is a pre-monad in the sense of Definition 12.11 

The motivation for a study of pre-monads stems from the following observation. 

Lemma 2.2. Consider a pre-monad {t,fi,rf) in an arbitrary 2-category /C. 

(1) The 2-cell fi* rft is idempotent. 

(2) Assume that there exists a 1-cell t and 2-cells t ^ t and t ^ t in JC, such that 
fi* rft = L * 71 and t = tt * l. Then {t,'p, := n * fi * LL,ff := ir * rf) is a monad in 
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Proof. The proof is an easy computation using Definition 12. II of a pre- monad and the 
properties l and tt obey, so it is left to the reader. □ 

Improving |T3l Theorem 3.11], we obtain the following generalization of a corre- 
spondence between monads in EM(/C) and in /C, observed by Lack and Street in |16j . 

t S 

Theorem 2.3. For any monad [k — k,fi,r]) and any 1-cell k ^ k in an arbitrary 
2-category IC, there is a bijective correspondence between the following structures. 

(i) A monad [t t, ly, i3) m EM'^(/C); 

(ii) A pre-monad (st, 0,??) in K, such that 

(2.12) stsn = sn*Qt. 

Proof. The proof is built on the same constructions as [131 Theorem 3.11]. 

Assume first that there exist 2-cells if} and p as in part (i). A multiplication for 
the pre-monad in part (ii) is given by the same formula of a 'wreath product' in [121 
page 256]: 

(2.13) Q := sfi * lyt * ss/i * si/jt. 

Its associativity is checked by the same computation as in the case of the wreath 
product in [16]. By (12. 6 p on one hand, and by (12. 4p and (12. 7p on the other, 

(2.14) * -j^st = * * T^st = * stl!}, 

proving (12. 9p . By applying (12. 4p again, we conclude that * -i??? = i.e. also (I2.10p 
holds true. Condition (12. lip is proven by the following computation. 

* Qst * Insist = sfi* lyt * ssfi * sipt * sf^ist * iptst * rjstst 

= sfi* lyt * ssfi * ssfit * siptt * stipt * Iptst * r]stst 

= sfi* s/jt * sfitt * uttt * siptt * Tpstt * tsTpt * rjstst 

= sfi* s/jt * sfitt * Tpttt * tutt * tsTpt * rjstst 

= Sfl* Sfit * i/tt * sipt = 0. 

The second equality follows by (12. ip . The fourth and the fifth equalities follow by 
(12. 2 p and (12. 3p . respectively. Condition (I2.12p follows by associativity of fi. This 
proves that the data in part (i) determine a pre-monad as in part (ii). 

Conversely, assume that there is a 2-cell as in part (ii). The 2-cells ip and z/ in 
part (i) are constructed as 

(2.15) ip := Q * sfist * Mst * tsr) ly := Q * srjsrj. 
By 

(2.16) sfi * ipt = Q * s/jst * Mst and sfi * lyt = Q * sr]st. 
Moreover, by ((Mj), f l232|) and (Elj), 

(2.17) * sttp = * Qst * stsfist * stMst * sttsrj = * sjjLst * Qtst * 'dsttst * sttsr]. 

With identities fl^TTB]) . f ETTp . f im]) and (EHUj) at hand, (EI]) is verified as 

$11 * tpt * tip = * stip * sfits * Mts = * sfist * Qtst * sts/jtst * dMtst * ttsrj 
= * sf^ist * s^dst * Mtst * ttsr] = tp * /js. 
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Use next fl^TTBD . flTTTj) . flTOD and fimi) to compute 

(2.18) sfi * lyt * si/j = Q * stip * srjts = G * Qst * dstst * stsrj = O * stsr]. 
In order to prove that (Q holds, apply fl238|) . and fl2:T6|) : 

(2.19) sfi*iyt*sil)*'i/js = Q*iljst*tssr] = Q*Qst* sfistst*'dtstst*tsrisr] = s^*%l)t*tv. 

Condition (12. 3p is verified by comparing the last and third expressions in (I2.19p . and 
using fim]) : 

s^* ipt* Tjst * z/ = O * Qst * dstst * srjsrj = 6 * srjsr] = v. 
Condition ([23]) is proven by using f l236|) . ^Q^ . fl232D and fl2:T0|) : 

sn * tpt * = Q * std * sfi * M = Q * stsfj. * 'd'dt = s/i * 6t * t?'!?^ = sfi* M. 
Condition ([23]) follows by (Km . and (ICT) : 

s/j, * ut * si(j * us = Q * Qst * srjs'qsr] = 6 * si^st * sQ * ssijsr] = sfi* ut * sv. 
Condition (I2.6p is checked by applying (I2.18P : 

(2.20) * pt * sil) * ds = Q * dst * SI] = Q * sfist * Mst * rjsrj = ^ * rjs. 

Finally, (12. 7p is proven by making use of (I2.16p . (12. 9p and comparing the second and 
last expressions in (I2.20p : 

s^* pt* sd = Q * sW * ST] = Q * T^st * ST] = i/j * rjs. 

This proves that the data in part (ii) determine a monad as in part (i). 

It remains to show that the above constructions are mutual inverses. Take 2-cells 
ly and i/j as in part (i). Use (I2.13P to associate a 2-cell as in part (ii) to them, and 
then use (I2.15P to define 2-cells u' and i/j' as in part (i) again. We obtain 

I/' = s * lyt * si/j * sr]s = sfi* sfit * utt * svt * ssd = s/j, * ut * ss/x * si/jt * sM * v 

= sfi* sfit * vtt * sdt * ly = sfi * ipt * rjst * u = u. 

The first equality follows by unitality of and the second equality follows by (12. 7p 
and associativity of fj,. The third equality is obtained by (12. 5p and the fourth equality 
follows by (12. 4p and associativity of fx. The penultimate equality is a consequence of 
(12. 7p and the last one follows by (12. 3p . Also, 

i/j' = s ij, * i/t * sip * sfis * Ms = SyU * sfit * vtt * STpt * dst * il) = s ^ * Tpt * tij) * rjts = i/j. 

The first equality follows by unitality of yu, the second equality follows by (12. ip and 
associativity of fx, and the third equality is obtained by (12. 6p . The last equality follows 
by (12. ip and by unitality of /i. 

In the opposite order, start with a 2-cell as in part (ii). Apply (I2.15P to construct 
2-cells i/j and v as in part (i) and then apply (I2.13p to obtain a 2-cell 0' as in part 
(ii). It satisfies 

0' = sfi* lyt * ssyU * si/jt = * srjst * ssf^i * sipt = sfi * Qt * sti/jt * srjtst 
= * sfist * Qtst * "dsttst * sTjtst = * Qst * "dstst = 0. 

The second equality follows by the second identity in (I2.16p . The third equality is 
obtained by (I2.12p . The fourth equality is a consequence of (I2.17P and unitality of 
yU. The penultimate equality follows by (I2.12p and unitality of fi. The last equality is 
obtained by KTl} . □ 
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Examples 2.4. Examples of a composite pre-monad as in Theorem I2.3( ii) are given, 
first of all, by wreath products in [TB]. It is shown in [Ml Example 3.3] that crossed 
products by Hopf algebras in [21], [2], [12] are examples of a wreath product. As 
it was observed by Ross Street [20] (see also [131 Example 3.18]), so are the crossed 
products with coalgebras in [^ and their generalizations to comonads in [221 Section 
4.8]. 

Examples of a composite pre-monad, which are not monads, are provided by 'weak 
smash products' in [21 Section 3] (for a review see [121 Example 3.16]). This includes 
smash products with weak bialgebras [B]. Crossed products with weak bialgebras in 
[T5] are also shown in [T31 Section 4] to provide examples. 

Note, however, that (weak) crossed products with bialgebroids in [3 Section 4 & 
Appendix] are not (pre-)monads of the kind in Theorem 12. 3( ii). Let k he a. commuta- 
tive and associative unital ring. A /c-algebra B, measured by a left bialgebroid H over 
a /c-algebra L, determines two monads, (— ) ®fc B on the category of fc-modules and 
(— ) ®L B on the category of L-modules. In terms of the measuring ■ : H ®k B ^ B 
and the comultiplication h ^^hi®ih2 in H , consider the left L-module map 

It equips the left L-module (or L-k bimodule) H with the structure of a 1-cell (— ) ®l 

B ^"^-^^^ (-) ®k B in EM(CAT) (or in EM'" (CAT) if ■ is only a weak measuring). 
However, if L is a non-trivial fc-algebra, this 1-cell has different source and target. 
Although in [5] the composite endofunctor — ®fc 5 ®l i/ on the category of A;- modules 
is proven to carry a monad structure, it is not a composite of a monad with an 
endofunctor. 

3. A PSEUDO-FUNCTOR EM"'(/C) K, 

Throughout this section (and the next one), we make two basic assumptions on the 
2-category K, we deal with: 

(i) Idempotent 2-cells in /C split; 

(ii) /C admits Eilenberg-Moore constructions (EM constructions, for short) for 
monads. 

In more details, assumption (i) means that for any 2-cell V ^ V in K,^ such that 
e * e = e, there exist a 1-cell V and 2-cells V ^ V and V ^ V ^ such that n * l = V 
and L*TT = e. It is easy to see that the datum {V , l, tt) is unique up to an isomorphism 

Property (ii) of a 2-category was introduced by Street in [T9l page 151]. It means 

that the inclusion 2-functor JC — Mnd(/C) (with underlying maps k ^ {k k, k, k), 

{k ^ k') ^ {k ^ k',V ^ V), {V =^ W) ^ {V A W) on the 0-, 1-, and 2- 
cells, respectively) possesses a right 2-adjoint. By [THl Section 1], property (ii) can 
be formulated equivalently by saying that the inclusion 2-functor J : /C — )■ EM(/C) 
possesses a right 2-adjoint J. Important properties of 2-categories admitting EM 
constructions for monads are formulated in the following theorem. It is recalled from 
[191 Theorem 2] and [IQ Section 1]. 
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Theorem 3.1. In a 2-category JC which admits EM constructions for monads, any 

monad {k A /c, r]) determines an adjunction {k A- J{t), J{t) k,k =^ vf, fv ^ k) 
in K,, such that {t, jj,, rj) = {vf, vef, rj). One can choose J I = K,, and the isomorphism 
corresponding to the 2-adjunction (/, J) is given by the mutually inverse functors 

(3.1) /C(/, J(t)) ^ EM(/C)(/(/),t), {V ^W)^{{vV,veV)^{vW,veW)) 
EM(/C)(/(0, t) ^ /C(;, Jit)), {{A, a) A (B, /?)) ^ ( J(A, a) 'M' J(fi, /3)), 

for any 0-cell I and monad t in IC. 

The notations in Theorem 13.11 are used throughout, without further explanation. 

Lemma 3.2. Consider a 2-category K, which admits EM constructions for monads. 

For any 1-cell {t, /i, rj) (f, /i', rj') m EM"'(/C), the 2-cell Vve*'ilJV*r]'Vv : Vv ^ Vv 
in K, is idempotent, and obeys the following identities. 

(3.2) V fi * ipt * rj'Vt * = tp; 

(3.3) Vve * Tpv * t'Vve * t'lpv * t'lj'Vv = Vve * ipv. 

Proof. AU statements follow easily by applying the interchange law, (11. ip and unitality 
of the monad t' . □ 

The idempotent 2-cell in Lemma corresponding to a 1-cell (t, /U, rj) (i', yu', rj') 
in EM"'(/C), is an identity 2-cell if and only if ^ * r}'V = Vr], i.e. (V^i/j) is a 1-cell in 
EM(/C). 

Our next aim is to extend the 2-functor J in Theorem 13. II to EM"'(/C). Our method 
is reminiscent to the way J is obtained from the right adjoint of the inclusion 2-functor 
/C ^ Mnd(/C). 

Lemma 3.3. Consider a 2-category K. which admits EM constructions for monads 
and in which idempotent 2-cells split. For a 1-cell {t,i.L,r]) {t' , fi' , r]') in EM"'(/C), 
denote a chosen splitting of the idempotent 2-cell in Lemma [J. 2\ by Vv A V =^ Vv. 
Then {V, ^jj := n * Vve * ipv * ft) is a 1-cell IJ{t) t' m EM(/C) . 

Proof. By the interchange law, ip * r}'V = 'K*L*Tv*i = V. Furthermore, by (13. 3 p and 
dLU), 

ip * t'lp = IT * Vve * ipv * t'Vve * t'ipv * t't't = it * Vve * V^v * iptv * t'lfjv * t't'i 
= n * Vve * i(jv * fi'Vv * t't'i = ip * ^'V . 

□ 

Lemma 3.4. Consider a 2-category JC which admits EM constructions for monads 
and in which idempotent 2-cells split. For any 2-cell (V^ip) 4> {W,(j)) m EM"'(/C), 
:= TT * Wve * gv * L is a 2-cell in EM(/C), between the 1-cells iV,ip) and (VF, 0) 
in Lemma \3. 31 (where ir and l denote chosen splittings of both idempotent 2-cells in 
Lemma W^ corresponding to the 1-cells {V^ip) and {W,(j))). 
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Proof. Apply fl3.2p (in the first equality), f ll.2p (in the third equality) and f ll.3p (in 
the penultimate equality) to conclude that 

g * ifj = n * Wve * gv * Vve * ijjv * t'l = it * Wve * Wfiv * gtv * tpv * t'i 

= n * Wve * W jjLV * (ptv * t' gv *t'i = n* Wve * (j)v * t't * t'lr * t'Wve * t' gv * t't 
= (p* t'g. 

□ 

Theorem 3.5. Consider a 2- category /C which admits EM constructions for monads 
and in which idempotent 2-cells split. The following maps determine a pseudo-functor 
r : EM"'(/C) ^ K. 

For a 0-cell t, J'"{t) := J{t). 

For a 1-cell t ^^4^ t' , J'^iV, ^) := J{V, V'), where the 1-cell {V, ^) m EM(/C) is 
described in Lemma lST^ That is, denoting by t and n a chosen splitting of the 
idempotent 2-cell in Lemma \3. 2\, J^{V,iIj) is the unique 1-cell J^{t) — )■ J^{t') 
in /C for which v'e'J^{V, = n * Vve * ipv * t'i. 

For a 2-cell {V,tp) 4> {W,(j)), r{g) := J{g), where the 2-cell g in YM{1C) 
is described in Lemma \3^\ That is, J^{g) is the unique 2-cell J^{V,'il!) =^ 
J^{W, 0) in K, for which v'J^{g) = tt * Wve * gv * l. 

The pseudo-natural isomorphism class of is independent of the choice of the 2-cells 
L and TT in its construction. 

Proof. Let us fix splittings (tt, l) of the idempotent 2-cells in Lemma [321 for all 1-cells 
(y,^) in EM"'(/C). 

By construction, v' J"" {^j * r]'V) = tt* tt* t = i/, for any 1-cell t ^^'^ t' in EM'"(/C). 

Hence J"" preserves unit 2-cells {V,tp) '^^^ iV,ip). For 2-cells iV,ip) 4> (IV, 0) 4> 
([/, 9) in EM"'(/C), it follows by (O]) (applied to g) that 

v' {t) * v' J'" (g) = 7T * Uve * TV * Wve * gv * L 

= n * Uve * Ufiv * rtv * gv * l = v'J^{t • g). 

We conclude by the isomorphism (13. ip that preserves the vertical composition. 

For an identity 1-cell t ^ t, the idempotent 2-cell in Lemma 13.21 is the identity 
2-cell V by the adjunction relation ve * rjv = v. Hence any splitting of it yields 
mutually inverse isomorphisms v =^ k and k ^ v. They give rise to an isomorphism 

J^(t) = J{v,ve) ■^^'^ J'"{k,t) = j(k,7ik *ve* tik) with the inverse J(6fc). Thus J"" 
preserves identity 1-cells up to isomorphism. (In particular, we can choose for the 
definition of J"' a trivial splitting v ^ v ^ v/m. which case the 1-cell (/c, t) in Lemma 
13.31 is equal to (v^ve). Applying the isomorphism f l3.ip . we conclude that with this 
choice, strictly preserves identity 1-cells, i.e. J^{k,t) = J{v,ve) = J^(t).) 

In order to investigate the preservation of the horizontal composition, consider 
different splittings (vr, i) and (tt', /,') of the idempotent 2-cell in Lemma [3.2[ for some 
1-cell {V, ip), and denote the corresponding 1-cells in Lemma by {V ^ ip) and {V, ip'), 
respectively. Applying f l3.3p (for (vr', t')) and fl3.2p (for (tt, t)), 

tt' * Vve * ijjv * t'i' * t'n' * t'l = it' * Vve * tpv *t'i = '!T'*L*TT* Vve * tpv * t't. 
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Hence {V,i{j) {V',!^') is an iso 2-cell in EM(/C), so J{V,ij) "^^4*'^ J{V',iIj') is an 
iso 2-cell in /C. 

For 1-cells {V, ip), {W, (/)) : t ^ t' and {V, i/j'), {W, (/)') : t' t" and 2-cells {V, ^) A 

{W,(t)) and iy'.tl)') A' (VI/', 0') in EM'"(/C), the idempotent 2-cell in Lemma O 
corresponding to the 1-cell {V' , il)')o{y, tp) comes out as V'Vve*V''il)v*'il)'Vv*'r]"V'Vv. 
We claim that it has a splitting given by the mono 2-cell V'l * l' J^iy^ip) and the 
epi 2-cell tv' J^iV^ip) * V'n, where (tt, /,) and {tt',l') are the chosen splittings of the 
idempotent 2-cells in Lemma [3.2[ corresponding to the 1-cells (VjiIj) and {V',!^') in 
EM"'(/C), respectively. Indeed, by construction of (its action on a 1-cell {V,i/j)), 
dMl) and (0, 

V'L*L'r{V,ij) * n'J'"{V,ij)*V'7r 

= v'l* V'nWVve* V'%lJv*V't' L*V't'Ti*i)'Vv*r]"V'Vv 
(3.4) = V'Vve*V'iJv*ij'Vv*ri"V'Vv. 

Denote by V'Vv =^ V'V =k- V'Vv the canonical splitting of this idempotent which 
was chosen to define J'^ on the 1-cell {V , ip') o (V^ ip) = {V'V, V''il)*'ip'V). By consider- 
ations in the previous paragraph, there are mutually inverse iso 2-cells J{'k' J^iV, ip) * 
V'n * L2) ■■ J'"{V'V,V'i) * tp'V) J'"{V',iJ')J'"{V,^p) and J{n2 * V'l * L'.r{V,ip)) : 
J"" (V , ip') J"" (y, ip) =^ J'"{V'V,V'ip * tp'V). In order to see their naturality, observe 
that 

v"J'^{g' og)=n2* W'Wve * WW^v * W'gtv * W'lpv * g'Vv * 62- 
On the other hand, 

v" r{g')r{Q) 

= 7t' r{W, (p) * W'n * W'Wve*W'pv *g'Wv*V'L* V'n W'WveW qv*V' L*L'r{V,%p) 

= 7r'r{W,p)*W'n*W'Wve*W'Wfiv*W'(j)tv*W't'gv* g'Vv*V'L* L'J'"{V,ip) 

= 7r'r{W,p)*W'n*W'Wve*W'Wfiv*W'gtv*W'ipv* g'Vv*V'L* L'J'^{V,ip). 

The second equality follows by applying (11. Sp . and the third one follows by applying 
( II. 2p . for g. With this information in mind, we conclude that 

v'Tig'og)* 1T2 *V'l* L'r{V,tP) 

= 712* W'Wve * W'WjJV * W'gtv * W'lpv * g'Vv * V'l * i' J"'(y, ip) 

= 712 * w'l * L'r{w, 0) * v"r{g')r{g). 

Thus naturality of J{7T2*V' l* l' {V, ip)) follows by the isomorphism (13. ip . It remains 
to check its associativity and unitality. For a further 1-cell {V",'ip") : t" — )■ t'" in 

EM"'(/C), use the notation V'V'Vv ^ V^V A V'V'Vv for the canonically split 
idempotent in the construction of J*" on (y", i)") o (V , -p') o {V, tp) = {V'VV, V'V'tp* 
V'lp'V * ip"V'V). By ([33]), the associativity condition 

TTg * V"l2 * L"r{V'V, V'^j * iP'V) * v"'r {V" , tp")J{n2 * V'l * lT{V, ^)) 

= 713 * v"i2 * v"ti2 * v'v'i * v"lT{v, ip) * i"r{v', tp')r{v, ^p) 

= 713 * V'v'l * v"lT{v, ij) * L"r{v', tp')r{v, ^p) 

= 71-3 * v'v'l * L'^r{v, tp) * Ti'2r{v, ^p) * v"L'r{v, ip) * L"r{v', 'p')r{v, -p) 
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holds. The 2-cells and tt^, sphtting the idempotent (identity) 2-cell in Lemma [3.21 
corresponding to a unit 1-cell {k,t), are mutual inverses. Hence also the unitality 
conditions 

v'J{n * Vik * ir{k, t)) * vT{V, tp)J{7rk) = n*Vik* Vnu * i = v'r{V, ^p) 

v'j{ik,r{v,^)) * v'j{7rk,)r{v,^) = Lk>r{v,^) * -Kk'^iv,^) = v'r{v,^) 

hold. Thus we conclude by the isomorphism (13.11) that preserves also the horizontal 
composition up to a coherent family of iso 2-cells, i.e. that it is a pseudo-functor. 

Finally, we investigate the ambiguity of the pseudo- functor J"', caused by a free 
choice of the splittings of the idempotent 2-cells in Lemma 13. 2[ Take two collections 
{(tt, i)} and {(tt',/)} of splittings (indexed by the 1-cells in EM'"(/C)). The pseudo- 
functors and J'"", associated to both families of splittings, are pseudo-naturally 

isomorphic via rit) = J""{t) and J"'(V, tp) "^^4"^ J""{V, for any 0-cell t and 1-cell 
(y,V^) in EM"'(/C). □ 

Consider a 2-category /C which admits EM constructions for monads and in which 
idempotent 2-cells split. We can reg ard a 1-cell t t' in EM(/C) clS db 1-cell in 

Vv Vv 

EM'"(/C). Choosing a trivial splitting Vv =^ Vv =^ Vv of the identity 2-cell, the 

corresponding 1-cell IJ(t) ''^^ t' in Lemma 13.31 comes out as the 1-cell (Vv, Vve * 
ipv) in EM(/C). By 1-naturality of the counit of the 2-adjunction {I, J), we have 
{v'J(y, i/j) , v' e' J (y, "0)) = {Vv, Vve * ipv). From this and from the isomorphism (13.11) 
it follows that 

J'"{V,'4j) = J{Vv,Vve*ijv) = J{V,ip). 
Similarly, we can regard a 2-cell {V,ip) 4> (W, 0) in EM(/C) as a 2-cell in EM"'(/C). 

The corresponding 2-cell {V, ip) ^ {W, (p) in Lemma [3.41 is equal to the 2-cell Wve * 
Qv : {Vv,Vve * ipv) =^ {Wv,Wve * <pv) in EM(/C). By the 2-naturality condition 
v'J{g) = Wve * QV and the isomorphism (13. ip we obtain that 

r{g) = J{Wve*gv) = J{q). 

Summarizing, we proved that the pseudo- functor J"^ : EM"'(/C) — /C in Theorem 13.51 
can be chosen such that the 2-functor J : EM(/C) — /C in Theorem 13.11 factorizes 
through the obvious inclusion EM(/C) ^ EM"'(/C) and J"". 

The pseudo-functor in Theorem 13.51 takes a monad ((s, -0), u, i)) in EM^{]C) to a 

monad J^{s, ip) in /C, with multiplication J"'(s, ip)J^{s, ip) =^ J^{{s, ip) o (s, ip)) =^ 

J^{s,ip) and unit J^{t) =^ J'^{k,t) =^ J^{s,'ip). Applying to this monad in /C a 
hom 2-functor K,{1, — ) : /C — ?■ CAT (for any 0-cell / in /C), we obtain a monad in CAT. 
Our next aim is to describe its Eilenberg-Moore category. 

Lemma 3.6. Consider a 2-category K, which admits EM constructions for monads 
and in which idempotent 2-cells split. Let I be a 0-cell and {k k, /i, rj) he a monad in 

/C and let t —f t be a 1-cell in EM'"(/C). There is a bijective correspondence between 
the following structures. 

(i) Pairs {I J^{t), J'^{s,tp)V =$> V), consisting of a 1-cell V and a 2-cell C in 
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(ii) Pairs {{I ^ k,tW ^ W),sW A W), consisting of a 1-cell I{1) t m 

EM(/C) and (regarding {W, q) as a 1-cell m EM'"(/C) ), a 2-cell (s, V^)o(Vr, q) A 
{W,g) m EM"'(/C). 

Proof. Denote by l and n the splitting of the idempotent 2-cell in Lemma I3.2[ corre- 
sponding to the 1-cell {s,iIj) in EM"'(/C), that was chosen to construct J^{s,il)). For 

the 1-cell {W, g) in EM"'(/C), choose the trivial splitting of the identity 2-cell W Aw, 
so that J'^iW^g) = J{W,g). 

By f l3.ip . there is a bijection between the 1-cells /(/) t in EM(/C) as in part 
(ii), and the 1-cells V := J{W, g) = J'^iW, g) : I ^ J{t) = J'^it) in /C as in part (i). 
In order to see that it extends to the stated bijection, take first a 2-cell A in EM"'(/C) 

as in part (ii). Then there is a 2-cell ( := [J'"{s,4j)V ^ J'"((s, tp) o {W, g)) A' V) 
in /C as in part (i). Conversely, for a 2-cell C in /C as in part (i), put X := vC * ttV. It 
satisfies 

g*tX = veV * tvC * tnV = v( * veJ^{s,'ip)V * tnV 

(3.5) = * ttV * sveV * ipvV * ttV * tnV = \ * sg* ipW. 

The second equality follows by the interchange law and the third one follows by 
construction of the pseudo-functor J^, cf. Theorem 13.51 The last equality follows by 
(13. 3p . Together with the unitality of g, this proves that A is a 2-cell in EM'"(/C), as 
needed. 

The above two constructions can be seen to be mutual inverses. Take first a pair 
(VX) as in part (i) and iterate both constructions. The result is (V, J^{s,iIj)V ^ 

J"'((s, ip) o {W, g)) ^4 V) = {V, C). In the opposite order, a datum {{W, g),X) 

is taken to {{W, g),sWA v,r{s, ^l))V 4 i'J"'((s, ^p) o {W, g)) "4^^ W) = {{W, g), X * 
iV*nV). The resulting 2-cell X*LV*'n'V in /C is equal to A since by (13. 5p and unitality 
of g, 

(3.6) X* lV * TiV = X* sg* ipW * r]sW = g * tX* r],sW = X. 

□ 

The following extends [16l Proposition 3.1] and also |9l Theorem 3.4]. 

Proposition 3.7. Consider a 2-category K, which admits EM constructions for mon- 
ads and in which idempotent 2-cells split. Let I be a 0-cell and (k A k,fi,rj) be a 

monad in /C and let {t --f t,i','d) be a monad in EM'"(/C). The following categories 
are isomorphic. 

(i) The Eilenberg- Moore category EM{IC) {I (l), J^{s,iIj)) of the monad IC{1, J^{s,ip)) : 
lC{l,r{t)) lC{l,r{t)); 

(ii) The Eilenberg- Moore category EM{)C) {L{1), st) of the monad IC{1, st) : IC{1, k) — )■ 
/C(/, A;), where the monad st is obtained from the pre-monad st in Theorem \2.3\ 
in the way described in Lemma \2. ^ 

(iii) The category C, with 
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objects that are pairs {(W,g),X), consisting of a 1-cell ''^^ t in EM(Ar) 
and a 2-cell (s, o [W, q) A (W, g) in 'EM"{1C), satisfying 

(3.7) \*{{s,^)o\) = X.(uo{W,g))- 

(3.8) {W,g) = X*{^o(W,g))- 

morphisms {{W,g),X) — )■ {{W , g'),X') that are 2-cells {W, g) =l> {W , g') in 
EM(/C) such that 

(3.9) X! •{{s,%lj)oa) = a»X. 

Proof. Denote by l and tt the splitting of the idempotent 2-cell in Lemma 13. 2[ cor- 
responding to the 1-cell {s^if)) in EM'"(/C), that was chosen to construct J"'(s,'0). 
For the 1-cell iW, g) in EM"'(/C), choose the trivial splitting of the identity 2-cell 

W A so that J"'(VF, g) = J{W, g). Introduce shorthand notations s := J'^^s^ip) 
and V := J''iW,g). 

Isomorphism of EM(/C) (/(/), J^{s, i/j)) and C. In light of Lemma [3 .Gj any object in 
EM(/C) (/(/), J"'(s, ^)) is of the form {J'"{W, g),sV ^ J^((s, ^) o {W, g)) 4 V), for 

a unique 1-cell /(/) t in EM(/C) and a unique 2-cell (s,'i/') o (VF, g) 4» (H^, ^) in 
EM"'(/C). So we only need to show that A satisfies (13. 7p . i.e. the equality 

(3.10) X* sX = X* sg*uW 

— (X) 

of 2-cells in JC, if and only if sV ^ J"'((s, ^j) o {W, g)) V is an associative action, 
and A satisfies (13. 8p . i.e. 

(3.11) W = X* sg*^W 

if and only if this s-action on V is unital. Compose the associativity condition J'^(X) * 
J"'((s, ip) o X) = J'^(A) * J^iyo {W., g)) with v horizontally on the left, and compose it 
with the chosen split epimorphism ssW — ?■ vJ^{ssW., ssg * sij^W * ipsW) on the right 
(i.e. on the 'top'). It yields the equality 

A * sA * {^ssg * sifjW * ipsW * i]ssW^ = X* sg* uW * (^ssg * sipW * ijjsW * rjssW^ . 

Making use of (13. 5p . the left hand side is easily shown to be equal to A * sX. As far 
as the right hand side is concerned, use associativity of g (in the first equality), (12. 2 p 
and (12. 3 p (in the second and third equalities, respectively) to see that 

X*sg*vW*ssg*s^W*ilJsW*r]ssW = X*sg*sfiW*i'tW*sipW*'ipsW*rissW 
= X* sg* sfiW * iptW * tvW * r]ssW = X* sg* uW. 

This proves that J"' (A) is associative if and only if (I3.10p holds. Similarly, the unitality 
condition J"' (A) * J"'(^9 o {W, g)) = V is equivalent to X * lV * ttV * sg * = W, 
hence by (13. 6p it is equivalent to (13. lip . Thus the bijection in Lemma [3.61 restricts to 
a bijection between the objects in EM(/C)(/(/), J'^{s,tjj)) and the objects in C. 

For a 2-cell {W, g) 4 {W, g') in EM(/C), the condition /""(A') * J"'((s,'0) o a) = 
J"'(a)* J"'(A) (expressing that J"'(a) = J{a) is a morphism in EM(/C) (/(/), J"'(s, t/'))) 
is equivalent to X' * sa * iV * nV = a * X * lV * nV. The right hand side is equal to 
a * A by (13. 6p and the left hand side is equal to 

X' * sa * sg * ipW * 'qsW = X! * sg' * ipW' * rjsW' * sa = g' * tX' * 'qsW' * sa = X' * sa, 
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using that a is a 2-cell in EM(/C), fl3.5p and unitality of q' . Hence J"' (a) = J {a) is a 
morphism in EM(/C)(/(/), J^{s, ip)) if and only if fl3.9p holds. Thus we conclude by the 
isomorphism (13. ip that the 2-functor J induces an (obviously functorial) isomorphism 
between the morphisms in EM(/C) (/(/), J^{s, ip)) and the morphisms in C. 

Isomorphism of EM (/C) (/(/), si) and C. In view of fl2.14p . we can choose si = vsf 
as 1-cells in /C. Moreover, taking axioms f l2.8p . (12. 9 p and (12. lip of a pre-monad into 
account, 

(3.12) tf * Tvf * Q = Q * ifst * nfst = 9 * stif * sinf = 0. 

For an object (/ ^ k,vsfW ^ W) in EM(/C) (/(/), st), put 

(3.13) g := * nfW * sfiW * MW and X := * irfW * sr]W. 

We show that {{W, g), A) is an object in C. Recall that associativity and unitality of 
7 read as 

7 * f s/7 = 7 * nfW * QW * ififW and W = * nfW * '^W, 

respectively. Hence using associativity of 7 and ( 13.12^ (in the second equahty) and 
applying the first identity in (I2.16P (in the last equality), 

^ * ^7 * tufW = 7 * vsf 'J * nfTcfW * sfxstW * MstW 

(3.14) = -f*7rfW*eW*sfistW*MstW = 'y*TTfW*sfiW*'tptW. 

Moreover, apply associativity of 7 and (13.120 (in the second equality) and use (12.120 
(in the third equality) to obtain 

X* sg = 7 * ^5/7 * TifnfW * srjstW * ssfjW * sMW 
= 7 * irfW * QW * stsfiW * stMW * srjtW 

(3.15) = 7 * TvfW * sfiW * etW * sMtW * STjtW = 7 * tt/W. 

In the last equality we used (I2.14p and that (since = vef) the interchange law yields 
si2*Lft*nft = if *nf * sfi. With these identities at hand, associativity of g is checked 
as 

g*tg = g*t'y * tirfW * tsfiW * tMW = 7 * irfW * sfxW * sfitW * iIjUW * MtW 
= 7 * nfW * sfiW * sfitW * MtW = g* fxW. 

The second equality follows by fl3.14p and by associativity of fi. In the third equality 
we applied (12. 4p . The last equality follows by associativity of and the form of g in 
(I3.13p . The unitality condition g * r]W = W follows by unitality of /i and unitality of 
7. Conditions (13. 5p . (I3.10p and (13. lip are proven by 

g*tX = g* t'j * tnfW * tsr]W = 7 * irfW * sjjW * iptW * tsrjW = X* sg* ipW] 
X* sX = 7 * vsf'-f * irfirfW * s'qs'qW = 7 * TifW * uW = X* sg* uW; 
W = 'y * nfW * -i^W = X* sg* i^VF. 

In each case, the last equality follows by (I3.15p . In the first computation, the second 
equality follows by (I3.14p . In the second equality of the second computation we used 
associativity of 7 together with (I3.12p and we applied the expression of u in (I2.15p . 
In the first equality of the last computation we used unitality of 7. This proves that 
{(W, g), A) is an object in C. 
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Conversely, for an object {(W, g), A) in C, put 
(3.16) := X* SQ* LfW. 

It is associative as 

^*nfW *QW *LfLfW = X*SQ*eW*tfLfW 

= X* SQ* uW * ssg * sipW * stsQ * ififW 

= A * sA * ssg * si/jW * stsg * iftfW 

= X* sg* stX * stsg * ififW = 7 * vsf'y. 

The first equality follows by f l3.16p and fl3.12p . In the second equality we substituted 
6 by its expression in f l2.13p and we used associativity of g twice. In the third equality 
we applied f l3.10p and in the fourth one we used (13. 5p . By (12. 4 p and unitality of fj,, 
if *i^f *'d = s^L*il)t* rjst *'& = '&. Hence the unitality condition 7 * nfW * = W 
follows by (Km . This proves that {W, 7) is an object in EM (/C) (/(/), st). 

Let us see that the above constructions are mutual inverses. Starting with an object 
(W^, 7) of EM(/C)(J(/), st) and iterating the above constructions, we re-obtain (W,j) 
by (I3.15p . In the opposite order, applying both constructions to an object {(W, g), A) 
of C, we obtain {{W, X* sg* l/W * TvfW * s^W * 'dtW),X * sg* ifW * TvfW * srjW). 
Since if * nf * sfj, = sfi * tft * nft = sfj, * Qt * 'dstt, axiom (I2.10p of a pre-monad, 
associativity of g and (I3.1ip imply that 

X* sg* ifW * irfW * sfiW * MW = X* sg* sfiW * MW = X* sg* 'dW * g = g. 

Also, by (I2.14p . unitality of fj,, (13. 5 p and unitality of g, 

X* sg* tfW * nfW * srjW = X* sg* sfjW * tfjtW * rjsrjW = X* sg* tpW * rjsW = X. 

Hence we constructed a bijection between the objects of EM(/C) (/(/), st) and C. It is 
immediate by the form of the bijection between the objects that a 2-cell W ^ W in 
/C is a morphism in EM(/C) (/(/), st) if and only if it is a morphism in C. □ 

4. Weak liftings 

If /C is a 2-category which admits EM constructions for monads, then 'liftings' of 

1- , and 2-cells for monads in /C arise as images under the right 2-adjoint J of the 
inclusion 2-functor /C — )■ EM(/C), see [T7]. In this section we discuss 'weak' liftings 
and the role what the pseudo-functor plays in their description. 

Definition 4.1. Consider a 2-category /C which admits EM constructions for monads. 
We say that a 1-cell k k' in }C possesses a weak lifting for some monads {k A k, /i, 77) 

t' V 

and {k' — k',fi',ri') in /C if there exist a 1-cell J{t) — )■ J{t') and a split mono 2-cell 
v'V => Vv (with retraction denoted by Vv ^ v'V). 

If in a 2-category /C which admits EM constructions for monads, also idempotent 

2- cells split, then we know by Theorem 13.51 that, for every 1-cell t t' in EM"'(/C), 

the underlying 1-cell k ^ k' m K, possesses a weak lifting J'^iV, ip) for t and t' . As we 
will see later in this section, in fact, in such a 2-category /C, up-to an isomorphism, 
every weak lifting arises in this way. This extends assertions about 1-cells in [T7t 
Lemma 3.9 and Theorem 3.10]. 
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Definition 4.2. Consider a 2-category /C which admits EM constructions for monads. 
Let {k A k,fj,,r]) and {k' k',fi',r]') be monads, and k k' and k ^ k' he 1-cells 

in /C, such that there exist their weak liftings J(f'), iy, Try) and {J{t) 

J(t'), ivF, "^w) for t and t'. For a 2-cell F =^ in /C, we say that 

a 2-cell y ^ is a weaA; L-lifting of a; if ^vf * ^'"^ = wi' * iy; 
a 2-cell y ^ ly is a wea/i; ir-lifting of w if f 'tj * vry = * ^v. 

Throughout, indices of l and tt are omitted, as they can be reconstructed without 
ambiguity from the context. 

By the isomorphism (13.11) . the weak i-lifting or weak vr-lifting of a 2-cell is unique, 
provided that it exists. Moreover, if a 2-cell u in Definition 14.21 possesses both a weak 
6-lifting at and a weak yr-lifting tJ, then 

at = TT * i * v'T^ = TV * OJV * L = v'tj * TV * L = v'tj . 

Hence in view of the isomorphism (13. ip . at = tJ. 

Proposition 14.31 below, about weak liftings of 2-cells in a (nice enough) 2-category, 
extends statements about 2-cells in [T71 Lemma 3.9 and Theorem 10]. Therein, notions 
and notations introduced in Corollary 11.41 are used. 

Proposition 4.3. Consider a 2-category K, which admits EM constructions for mon- 

ads and in which idempotent 2-cells split. Let t ^ t' and t t' be 1-cells in 

EM'"(/C) and V ^ W be a 2-cell in /C. Denote by l and tt the splittings of both 
idempotent 2-cells in Lemma l3. 4 corresponding to the 1-cells {V,ip) and {W,(f)), that 
were chosen to construct J^{V,i(j) and J^{W,(p), respectively. 

(1) The following assertions are equivalent. 

(i) u IS a 2-cell {V,i{j) => {W,4>) m Mnd'(/C); 

(ii) ujt^^^riV : (V, ^) {W, (p) is a 2-cell m EM"'(/C); 

(iii) 7r*a;v*i : {vT{y,^lj),v'e' riV,^)) {v' J"^ {W, (p) , v' e' J"" {W, (p)) is a 
2-cell in EM(/C) such that l*tv*uv*l = ujv*l; 

(iv) u possesses a weak L-lifting at : (J'"(V, l, tt) — {J'^{W, </>), l, tt). 

// these equivalent statements hold, then v' J^G''{uj) = tt * uv * l, i.e. at = 
J'"G'{u). 

(2) The following assertions are equivalent. 

(i) u IS a 2-cell {V,iIj) => (W, 0) m Mnd"(/C); 

(ii) <P*r]'W*uj: {V, Ip) {W, <p) is a 2-cell m EM'"(/C); 

(iii) Ti*oJV*i : {v'J'"{V,ip),v'e'J'^{V,ip)) {v' J"^ {W, (p) , v' e' J"^ {W, (p)) is a 
2-cell in EM(/C) such that Tr*u!v*L*Tc = TT* uv; 

(iv) u possesses a weak Ti-lifting tJ : {J'^iV, ip), l, tt) — )• {J^{W, (p), l, tt). 

If these equivalent statements hold, then v'J^G'^{cj) = tt * uv * l, i.e. to = 

rG^{uj). 

(3) The following assertions are equivalent. 

(i) (p * t'uj = ut * Ip; 

(ii) (p*r]'W*u and ujt*ip*r]'V are (necessarily equal) 2-cells iV,tp) =^ iW,(p) 
m EM"'(/C); 

(iii) Tx^uv^i: [v'r{y,^),v'(^r{y,^)) {v'J'^{W,(p),v'e'J'"{W,(p)) IS a 
2-cell in EM(/C) such that l*tt*ujv = uv*l*tt; 
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(iv) uj possesses both a weak b-lifting and a weak n -lifting 2-cell ( J'"(V, i, tt) 
{J^{W,(f)),L,7i) (which are necessarily equal). 

Proof. (1) (i)<(=^(ii) This equivalence follows by Lemma [TT2r i). 

(ii) ^^iii) The 2-cell n * uv * l in ICis a 2-cell in EM(/C) if and only if v'e'J'"{W, 0) * 
t'lT * t'ujv *t'L = 71 * ujv * L * v' e' {V, ip) . Compose this equality by / horizontally 
on the right, and compose it vertically by tf on the left and by t'nf * t'Vrj on the 
right. By virtue of (13. 2p . (13. 3 p and the adjunction relation €f * ft] = f, the resulting 
equivalent condition is equivalent to (II. 7p . Property L*7r* (jjv*l = ujv *l is equivalent 
to L*7r*uv*L*n = uv*L*7r, what is easily seen to be equivalent to ( 11. 6p . Thus we 
conclude by Lemma [1.2( 1) (i)-^(iii). 

(iii) <(=^(iv) By the isomorphism (13. ip . n * ujv * l is a. 2-cell in EM(/C) if and only 

if there is a 2-cell J"'(y,^) ^ J'"{W,(f)) in JC such that v'Zt = n * UJV * i. Clearly, 
L*'JT*uv*L = uv*L if and only if at is a weak /.-lifting of u. 
If the equivalent statements (i)-(iv) hold, then 

v' J^{(jjt * tp * 'q'V) = 71 * Wve * utv * ipv * rj'Vv *l = ti*ujv*l*'k*l = tt*uv*l. 

(2) (i)<(=^(ii) This equivalence follows by Lemma [1.2( 2). 

(ii) <(=^(iii) As we have seen in the proof of part (1), t\:*uv*l is a 2-cell in EM(/C) if and 
only if (ll.7p holds. Property 'k*u:v*l*'k = 'k*uv is equivalent to t*7r*a;w*t*7r = l*it*ijjv 
hence to the first condition in Lemma [1.2( 2) (iii) . Thus we conclude by Lemma [TT2] (2) 
(i)4=>(iii)._ 

(iii) -v^(iv) is proven by the same reasoning as in part (1). 
If the equivalent statements (i)-(iv) hold, then 

v'J'^{(j) * v'^ * u) = TT * Wve * (j)v * rj'Wv *uv*L = 'K*L*n*uv*t = n*uv*t. 

(3) These equivalences follow immediately by Lemma [1.2( 3) and parts (1) and (2) 
in the current theorem. □ 

For suggesting the following theorem, the author is grateful to the referee. 

Consider a 2-category JC which admits EM constructions for monads. To any mon- 

t t' 

ads {k — )■ k,fi,ri) and {k' — )• k',fj,',ri') in /C, we can associate categories Lift^(t,t') 
and Liit'^{t,t'), as follows. In both categories objects are quadruples {V,V,l,7i) such 

that the 1-cell J{t) A J{t') in JC is a weak lifting of the 1-cell k ^ k', correspond- 
ing to the split monic 2-cell v'V =^ Vv, with retraction Vv ^ v'V. Morphisms 
(y, V, L, tt) — (W, W, L, it) are pairs of 2-cells {uj,uj) in K, such that V ^ W is a weak 
t-lifting, respectively, a weak vr-lifting, of V ^ W. Composition of morphisms is 
defined via component-wise composition of 2-cells in /C. 

Theorem 4.4. For any 2-category /C which admits EM constructions for monads and 

t t' 

in which idempotent 2-cells split, and for any monads {k — > A;, ^, rfj and {k' — )■ A;', yu', rj') 
in K,, the following assertions hold. 

(1) Lift''(t,t') is equivalent to the category Miad''{JC)(t,t') . 

(2) Lift''(t,t') is equivalent to the category Mnd''(/C)(t, t')- 

For t = t' , these equivalences are also strong monoidal, with respect to the monoidal 
structure of Lift' ^""{tjt) induced by the horizontal composition in /C. 
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Proof. (1) For any 1-cell t t' in EM"'(/C), denote by Vv ^ v'J'"{V,iIj) ^ Vv the 
chosen sphtting of the idempotent 2-cell in Lemma [3.2[ used to construct J'^{y,il)). 

By Corollary II .41 and Theorem l3.5l there is a pseudo-functor J^C^ : Mnd'(/C) — )■ /C. 
By Proposition |43](1) (i)^(iv), it induces a functor G : Mnd'(/C)(f, t') ^ Lift'(t,f), 
with object map {V, i— )■ (F, J'"(y, -0), Lc, tTc) and morphism map u (-)■ (a;, J"'G''(a;)). 

In the opposite direction, consider the functor F : Lift^(t,t') — > Mnd''(/C)(t, t'), with 
the object map 

(4.1) {V,V,i,7T) ^ (V,^ := if *v'e'Vf *t'nf *t'Vr] : tV ^ Vt) 

and morphism map (w, aJ) t— t- By the form of ip in fl4.ip and the adjunction relation 
ve* rjv = V, it follows that 

(4.2) Vve * tpv = L* v'e'V * t'n, 

thus in particular Lc*'^c = Vve ^ifjv* rj'Vv = L*7r. Using (14. 2 p together with the form 
of ijj in (14. ip and naturality, it is easily checked that i/j satisfies (II. ip . i.e. {V, ij)) is an 
object in Mnd\lC){t,t'). Applying (gj]) together with (Q and dSTS]), respectively, 
we conclude that 

v'e'r{V, Ip) * tV, *t'L = n^*L* v'e'V and tt * * v'e'J'^iV, ip) = v'e'V * t'n * t'tc- 

That is, there are 2-cells {v'J'^iV, ip) , v' e' J"" {V, ip)) {v'V, v'e'V) and {v'V, v'e'V) 
{v' J"^ {V, Ip) , v' e' J'^ {V, ip)) in EM(/C). By (13. ip they induce mutually inverse isomor- 
phisms J^{V,tp) '^^^"^ V and V ^ J^{V,^) in /C. Both of these 2-cells are weak 

t-liftings of the identity 2-cell V ^ V. Hence, for any morphism {V, V, l, tt) ^'^^ 
{W,W,i,7r) in Lift'(t,t'), the composite J{tt^* l) *oJ* J{7t * i^) : J'"{V,ip) J'"{W,(p) 
is a weak t-lifting of u (where both ip and (p are defined via (14. ip ). Thus it follows by 
Proposition iJKl) (iv)^(i) that w is a morphism (V^,^') iW,(p) in Mnd'(/C)(t, f). 
This proves that F is a well defined functor. 

For any object {V, ip) in Mnd'(/C)(t, t'), we obtain FG{V, ip) = {V, ip) by ([S2D, (IS3D 
and unitality of /i. Evidently, also FG{uj) = u. For any object {V, V, l, it) of Lift''(t, t'), 
we obtain GF{V,V , L,7r) = {V, J^(y,'ip), LcTTc)- The mutually inverse isomorphisms 

{V,V,L,7r) (y, J-(y,^),6„7r,) and {V, {V, ^j) , i,, tt,) {V,V,L,7r) in 

Lift'(t, t') define, in turn, mutually inverse natural isomorphisms between the identity 

functor and GF. Indeed, for any morphism (V, V, l, tt) {W, W, i, tt) in Lift''(t, t'), 
we conclude by Corollary and II. 4| Theorem 13.51 that 

v' J^G^u) * TTc * t = TTc * Wve * UtV * IpV * 'q'Vv * L = Tic* OOV * L = Tic* L-* v'uj. 

Hence naturality follows by the isomorphism (13. ip . 

It remains to prove strong monoidality of G in the t = t' case. Recall from the 

proof of Theorem 13. 51 that the coherent natural isomorphisms J'^{V' ^ 'ip')J'^{V, ip) ''=^ 

J'"{{V',ip') o {V,ip)) and J'"(i) 4 J'"{k,t), rendering J"" (hence J'"G') a pseudo- 
functor, arise as weak /,-liftings of identity 2-cells, for any 1-cells [V, ip'), {V, ip) : t t 

{V'VJy, y) 

in EM"'(/C). Hence they induce a strong monoidal structure G{V', ip')G(y, ip) =^ 

Gi{V', ij') o {V, tP)) and (k, J'"(t)) H"^ G{k, t) of G. 

Part (2) is proven symmetrically. □ 
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5. Applications 

In this section we collect from the literature several situations where weak liftings 
occur. The following corollary is a consequence of Proposition 14.31 and Theorem 14. 4[ 

Corollary 5.1. Consider a 2- category /C which admits EM constructions for monads 
and in which idempotent 2-cells split. Let {k -4 k,ij,ri) be a monad and {k A k^d^e) 
he a comonad in /C . 

(1) The following assertions are equivalent. 

(i) There exists a comonad ((c, t/;), (5, e) in Mnd^(/C). That is, there exists a 

1-cell t ''^^ t in EM"'(/C), satisfying 

(5.1) 5t* Ip = ccfi * cipt * ipct * t6t *tip* tr]C] 

(5.2) et * tp = fx * tet * tip * trfc. 

(ii) There is a comonad [t — i- t,6t * tp * rfc, et*ip* rfc) in EM'"(/C). 

(iii) There is a comonad (J'^(t) A J"'(f), in fC such that o is a weak 
L-lifting of S and ~^ is a weak L-lifting of e. 

If these equivalent statements hold, then we say shortly that the comonad 
is a weak L-lifting of the comonad (c, 6, e) for the monad {t, fi, rf). 

(2) The following assertions are equivalent. 

(i) There exists a comonad ((c, -0),^, e) in Mnd'^(/C). That is, there exists a 

1-cell t t in E]Vr"(/C), satisfying 

(5.3) cip * ipc * t6 = ccfi * apt * ipct * rfcct * St * ip; 

(5.4) te = et* ip. 

(ii) There is a comonad {t — i- t,cip * ipc* rfcc * 6,rf * e) in EM'"(/C). 

(iii) There is a comonad (J'"(t) 4 J"'(t), d , V) in /C such that 6 is a weak 
n-lifting of 6 and ^ is a weak n-lifting of e. 

If these equivalent statements hold, then we say shortly that the comonad 
(c, 6 , V) is a weak ir-lifting of the comonad (c, 5, e) for the monad {t, fx, rf). 

(3) The following assertions are equivalent. 

(i) There exists a 1-cell t —ftin EIvf"(/C), satisfying 

(5.5) cip * ipc * t6 = 6t * ip; 

(5.6) te = et* ip. 

(ii) There is a comonad {J'"{t) 4 J'"{t),S, e) in JC such that 6 is both a weak 
L-lifting and a weak n-lifting of 6 ande is both a weak L-lifting and a weak 
TT -lifting of e. 

Note that by Lemma 11.21 and Lemma 11.31 in parts (1) and (2) of Corollary 15. H 
assertions (i) and (ii) are equivalent in case of an arbitrary 2-category /C. 

Let us stress the (tiny) difference between a 2-cell to =^ at in }C occurring in Corol- 
lary [5lTI^3)(i), and a mixed distributive law. A 2-cell ip in Corollary 15. 1^ 3) (i) satisfies 
three of the identities defining a mixed distributive law: compatibility with the mul- 
tiplication of the monad (as {c,ip) is a 1-cell in EM"'(/C)), compatibility with the 
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comultiplication of the comonad (by f l5.5p ) and compatibility with the counit of the 
CO monad (by 05. 6p ). However, the fourth condition on a mixed distributive law, com- 
patibility tp * rjc = cr] with the unit of the monad, does not appear in Corollary 
15.1( 3) (i) - it plays no role in a weak lifting. 

Example 5.2. Generalizing a mixed distributive law of a monad and a comonad 
(in particular in the bicategory BIM), weak entwining structures were introduced by 
Caenepeel and De Groot in |9]. The axioms are obtained by weakening the compati- 
bility conditions of a mixed distributive law with the unit of the monad and the counit 
of the comonad. Precisely, a weak entwining structure in an arbitrary 2-category JC 

consists of a monad {k A fc, /i, r]), a comonad {k A- k, 6, e) and a 2-cell tc 4> ct subject 
to the following conditions. 



(5.7) if) * fic = cfi * tpt * tip; 

(5.8) dt * ip = cip * tpc * t6; 

(5.9) ip * r]c = est * cip * cr]c * 6; 

(5.10) et * ip = ji * tet * tip * trjc. 



We claim that under these assumptions ((c, ip) , 6t * ip * rjc, et * ip * rjc) is a comonad in 
EM'"(/C). For that, we need to show that axioms (15. 71) - (15. 101) imply (15. ip . Indeed, 

cc/i * cipt * ipct * t6t * tip * tr]c = cc/j, * 6tt * ipt *tip * tr]c = 6t * ip. 

The first equality follows by (15. 8 p and the second one follows by (15. 7p and unitality 
of the monad t. 

Hence if moreover K, admits EM constructions for monads and idempotent 2-cells 
in /C split (hence there exists the pseudo-functor J^) then, by Corollary 15.1( 1). the 
comonad c has a weak t-lifting for the monad t. 

For a commutative, associative and unital ring k, consider a /c-algebra A and a 
/c-coalgebra C. Let \1/ : C ®fc ^ — ?■ ^ ®fc C* be a fc-module map such that the triple 
((— ) ®fc A, (— ) ®fc C, (— ) CSfc ^P) is a weak entwining structure in CAT . (If we are 
ready to cope with the more involved situation of a bicategory, we can say simply that 
{A, C, \1/) is a weak entwining structure in BIM.) The corresponding weak i-lifting of 
the comonad (— ) ®fc C for the monad (— ) ®fc A is studied in [9l Section 2]. Brzezihski 
showed in [HI Proposition 2.3] that it can be described as a comonad (— ) ®a C on the 
category of right ^-modules, where the yl-coring (i.e. comonad A ^ A in BIM) C is 
constructed /c-module retract of A C. 

Examples of weak entwining structures, thus examples of weak t-liftings of comon- 
ads for monads, are provided by weak Doi-Koppinen data in |3] (see [9]), i.e. by 
comodule algebras and module coalgebras of weak bialgebras. Further examples are 
weak comodule algebras of bialgebras in fU] Proposition 2.3]. 

Example 5.3. Another generalization of a mixed distributive law, motivated by par- 
tial coactions of Hopf algebras, is due to Caenepeel and Janssen. Following [lOl 
Proposition 2.6], a partial entwining structure in a 2-category /C consists of a monad 

(k A k, i2,r]), a comonad {k A k,6,e) and a 2-cell tc ^ ct in JC, such that identities 
(15. 4 p and (15. 7p hold, together with 

(5.11) ecu * C'i/'^ * crjct * 6t * Ip = cip * ipc * t6. 
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Observe that axiom flS.lip implies fl5.3p : 

cc/i * apt * ipct * rjcct * St * = ccfi * ccjdt * ciptt * cqctt * Stt * iljt * rjct * i/j 

= ccfi * cipt * crjct * 5t * ip = ctp * ijjc * t5. 

The first and last equalities follow by flS.lip and the second equality is obtained using 
associativity of /i and (13.21) . This implies that ((c, ip), cip*ipc*ricc*6, rj*e) is a comonad 
in EM'"(/C). Thus if moreover /C is a 2-category which admits EM constructions for 
monads and in which idempotent 2-cells split, then we conclude by Corollary 15.1( 2) 
that a partial entwining structure (t, c, V^) in /C induces a weak 7r-lifting of the comonad 
c for the monad t. 

Consider the particular case when a monad t := (— ) ®a: A in CAT is induced by an 
algebra A over a commutative, associative and unital ring k, a comonad c := (— ) ®fe C 

is induced by a /c-coalgebra C and a natural transformation tc =^ ct is induced by a 
fc- module map C A ^ A^^ C. Then the weak vr-lifting of the comonad c for the 
monad t, induced by a partial entwining ip, is a comonad (— ) ®a C on the category 
of right yl-modules. The A-coring C was constructed in [TOl Proposition 2.6] as a 
fc-module retract of A ®fc C. 

Examples of partial entwining structures (hence of weak 7r-liftings of a comonad for 
a monad) are provided by partial comodule algebras of bialgebras in [HI Proposition 
2.6]. 

Example 5.4. Yet another way to generalize a mixed distributive law was proposed 
in [To]. Following [TOl Proposition 2.5], a lax entwining structure in a 2-category /C 

consists of a monad (A; k, fx^rj), a comonad (A; A k, 6, e) and a 2-cell tc ^ ct in /C, 
such that identities (15. 7p . (I5.10p and (15. lip hold, together with 

cn * ctet * ctip * ctrjc * ipc * t5 * rjc = ip * rjc. 

As we observed in Example 15. 3^ (15. lip implies (15. 3p . and (I5.10p is identical to (15. 2p . 
However, none of (15. ip and (15. 4p seems to hold for an arbitrary lax entwining structure. 
Still, the axioms of a lax entwining structure allow us to prove that there is a comonad 
((c, ip)^ cip*ipc*r]cc*6, et*'ip*r]c) in EM"'(/C). Therefore, if K, admits EM constructions 

for monads and idempotent 2-cells in /C split, then J'^ takes it to a comonad {J^{t) A 
J^{t), S , "e^) in /C. However, it is neither a weak t-lifting nor a weak vr-lifting of the 
comonad c, it is of a mixed nature. 

In the particular case when a lax entwining structure in CAT is induced by bimod- 
ules, the comonad (c, 6 ,~^) is induced by an A-coring, which was computed in [TOl 
Proposition 2.5]. Examples of lax entwining structures are provided by lax comodule 
algebras of bialgebras in [TT| Proposition 2.5]. 

A fourth logical possibility, to obtain a comonad structure on a weak lifting for a 
monad t of a 1-cell c underlying a comonad (c, 6, e), is to allow the comultiplication to 
be a weak t-lifting of 6 and the counit to be a weak yr-lifting of e. That is, to require 

a 1-cell t t in EM'"(/C) to satisfy (O) and (El). By (the proof of) Lemma Ol it 
yields a coassociative and counital comonad (c, V) in JC. 

For any 2-category /C, one may consider the vertically-opposite 2-category /C*. The 
2-category /C* has the same 0-, 1-, and 2-cells as JC, the same horizontal composition 
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and the opposite vertical composition. Obviously, 2-cells in /C split if and only if 2-cells 
in K,^ split. Since monads in are the same as the comonads in /C, the 2-category 
AT* admits EM constructions for monads if and only if K, admits EM constructions for 
comonads, cf. [17]. In this case we denote by : EM'"(/C*)* — /C the pseudo-functor 
in Theorem 13. 5[ 

Definition 5.5. Consider a 2-category /C which admits EM constructions for comon- 
ads. We say that a 1-cell V inK, possesses a weak lifting V for some comonads c and 
c', provided that, regarded as 1-cells in /C*, V is a, weak lifting of V for the monads c 
and d in /C*. 

For a 2-cell a; in /C, a weak t-lifting (resp. weak n-lifting) for some comonads c and 
c' in JC is defined as a weak 7r-lifting (resp. weak i-lifting) of u, regarded as a 2-cell 
in /C*, for the monads c and c' in /C^,. 

The following corollary is obtained by applying Corollary 15.11 to the vertically- 
opposite of a 2-category. Therein, the symbol * denotes the vertical composition in 
K, (not its opposite). 

Corollary 5.6. Consider a 2-category JC which admits EM constructions for comon- 

t C 

ads and in which idempotent 2-cells split. Let {k — t- k,fi,rj) be a monad and {k — )■ 
fc, (5, e) he a comonad in K. 

(1) The following assertions are equivalent. 

(i) There is a monad ((t, ■0), /i, 77) in Mnd''(/C,,)*. That is, there exists a 1- 

cell c ''^^ c in EM^{}C^,)^ (i.e. a 2-cell to ^ at in )C such that 6t * ip = 
cifj * ijjc* t6 ), satisfying 

(5.12) i{) * fic = est * ctp * cfic * tptc * ttpc * tt6] 

(5.13) -0 * 77c = cet * cij) * crjc * 5. 

(ii) There is a monad (c c,et * ip * fj:C, et*ip* rjc) in EM'"(/C*)*. 

(iii) There is a monad {J^{c) \ 7^(0),")!,^) ^ such that ^ is a weak 
TT-lifting of and ^ is a weak n-lifting of rj. 

If these equivalent statements hold, then we say shortly that the monad {t, %, V) 
is a weak n-lifting of the monad {t, fi, rf) for the comonad (c, 5, e). 

(2) The following assertions are equivalent. 

(i) There is a monad {{t, /i, i]) in Mnd'^(/C*)*. That is, there exists a 1-cell 

c ^H'* c in EM"'(/C*)^,, satisfying 

(5.14) * ipt * ti(j = * fic * ettc * i/jtc * tipc * ttS; 

(5.15) or] = Ip * r]c. 

(ii) There is a monad (c ''^^ c, fi* ett * ipt * tip, rj * e) in EM"'(/C*)*. 

(iii) There is a monad {J^{c) J^{c),~ii ,lf) in JC such that jt is a weak 
L-lifting of ^ and if is a weak L-lifting of rj. 

If these equivalent statements hold, then we say shortly that the monad (t, 'jt, if) 
is a weak L-lifting of the monad [t, fi, rj) for the comonad (c, 5, e). 

(3) The following assertions are equivalent. 
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(i) There exists a 1-cellt t in EM"'(/C*)*, satisfying 

Cfi * ipt * ti/j = ip * fIC] 
cr] = ip * r]c. 

(ii) There is a monad {J^{c) J^{c),JI,r]) in JC such that Jt is both a weak 
L-lifting and a weak n-lifting of /i and rj is both a weak L-lifting and a weak 
n -lifting oft]. 

A 2-cell in Corollary 15.6( 3) (i) differs from a mixed distributive law by the com- 
patibility condition with the counit of the comonad. 

In a 2-category /C which admits EM constructions for both monads and comon- 
ads and in which idempotent 2-cells split, one can say more about weak entwining 
structures than it was said in Example 15.21 

Proposition 5.7. Consider a 2-category K, which admits EM constructions for both 
monads and comonads and in which idempotent 2-cells split. For a monad {k -> 

k,n,r]), a comonad [k A k,5,6), and a 2-cell to ^ ct in K,, the following assertions 
are equivalent. 

(i) The triple {t,c,ifj) is a weak entwining structure, i.e. axioms (15. 7p - (15.101) 
are satisfied. 

(ii) The 2-cell induces both a weak t-lifling of the comonad c for the monad t 
and a weak n-lifting of the monad t for the comonad c. That is to say, the 
assertions in Corollary \5.1\( 1) and Corollary \5. 6^ 1) hold. 

Proof. We have seen in Example 15.21 that axioms (l5.7l) -( l5TT0l) imply (15. ip . Similarly, 
they can be seen to imply (I5.12p as well, applying first (15.71) and next (15.81) . □ 

Prop osit ion 15 . 71 is the basis of a construction in [1] of a 2-category of weak entwining 
structures in any 2-category. In that paper, for a weak entwining structure in a 2- 
category /C which admits EM constructions for both monads and comonads and in 
which idempotent 2-cells split, it is proven that the weakly lifted monad, and the 
weakly lifted comonad, occurring in part (ii) of Proposition 15.71 possess equivalent 
Eilenberg-Moore objects. 

The characterization of weak entwining structures in Proposition 15.71 can be used, 
in particular, do describe weak bialgebras [B] in terms of weak liftings. Recall that 
a weak bialgebra H over a commutative, associative and unital ring k, is a /^-module 
which possesses both a A;-algebra and a A;-coalgebra structure, subject to the following 
compatibility conditions. Denote the multiplication H ®k H ^ H \n H hy juxtaposi- 
tion of elements. Write 1 for the unit element of the algebra H and write e : H ^ k 
for the counit. For the comultiplication H ^ H ®k H , use a Sweedler type index 
notation h ^ hi h2- With these notations, the axioms 

(5.18) J2^hh')i ®k {hh')2 = ^i^i ®k h2h'^; 

(5.19) XI ^1 ® ® l2' = X li ®k h ®kh = Yl ®fc li'l2 ®fc h'] 

(5.20) X e{hU)e{l2h') = e{hh') = e{hl2)e{lih') 



(5.16) 
(5.17) 
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are required to hold, for all elements h and h' of H. However, the comultiplication is 
not required to preserve the unit, i.e. ^ li ®fc I2 is not required to be equal to 1 ® 1 
and the counit is not required to be multiplicative, i.e. e{hh') is not required to be 
equal to e{h)e{h'), for elements h, h' G H. 

In the following proposition we deal with the (co) monads H ®k {—) and {—) ®k 
H, induced by a /c-(co) algebra H on the category of modules over a commutative, 
associative and unital ring k. 

Proposition 5.8. For a commutative, associative and unital ring k, consider a k- 
module H which possesses both a k-algebra and a k-coalgebra structure. Using the 
notations introduced above the proposition, the following assertions are equivalent. 

(i) The algebra and coalgebra structures of H constitute a weak bialgebra; 

(ii) The k-module map 

(5.21) ^r: H ®kH ^ H ®kH, h ®kh' ^^h'^^khh'^ 

induces a weak L-lifting of the comonad (— ) ®k H for the monad (— ) ®k H and a weak 
-K-lifting of the monad (— ) ®k H for the comonad (— ) ®k H , and the k-module map 

(5.22) : H 0k H ^ H ®k H, h®kh' ^^hih' ®kh2 

induces a weak L-lifting of the comonad H ®k {—) for the monad H ®k {—) o,nd a weak 
Ti-lifting of the monad H ®k {—) for the comonad H ®k {—)■ That is to say, 

{{-)®kH,{-)®k^R) and {H®k{-),^L®k{-)) 

are comonads in Mnd'^(CAT), via the comultiplication and counit induced by the coal- 
gebra H , and they are monads in Mnd'^(CAT^,)*, via the multiplication and unit in- 
duced by the algebra H . 

Proof. Note first that assertion (ii) implies f l5.18p . Indeed, ( I5.2ip determines a 1-cell 
((-) ®k H, (-) ®fc ^r) in EM"'(CAT) if and only if 

for any elements h, h' and h" of H. Putting h = 1 we obtain f l5.18p . 

By Proposition 15. 7[ assertion (ii) is equivalent to saying that ((— ) ®fc H, (— ) 0^ 
H, (— ) ®fc ^_r) and (i/®^ (— ), H (^k {—), ®fc (— )) are weak entwining structures in 
CAT (or, in the terminology of [1], [H, H, "^r) is a right-right weak entwining structure 
and {H,H,'^i,) is a left-left weak entwining structure in BIM). This statement was 
proven to be equivalent to (i) in |H1 Theorem 4.7]. □ 
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